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In an earlier publication [1] we introduced the 
notion of a Baer assenbl* and applied it to obtain 

( fJtilx/ 1^7/^ * coöi:<il-na-1Sdtlon theory for semilattices.    This 
^        | * ' **v        "Ij     was achieved by considering the semigroup of quasi- 

uj     residuated (i.e., O-preserving and isotone^  mappings 
S     on a bounded semilattice.    In the present paper we 

-rj     consider the semigroup of quasi-residuated   w-homo- 
tf     morphisms  (or ' imi'norphisrta) on a bounded lattice 

and thus show how a particular type of one-sided 
Baer assembly  can be used to provide a coördinati- 
sation. theory for lattices;  and in particular for 
complemented, modular and distributive lattices. 

1.    Introduction. 

We have shown in a previous publication [1] how the fundamental 

coördinatisation of bounded lattices by Baer semigroups can be extended 

to semilattices through the concept of a Baer assembly.    We recall 

iP]»  s3)  that    <A;B,D;K-     is a Baer assembly if   A    is a semigroup, 

B    and   D   are distinguished subsets of   A   and   K    is a two-sided 

ideal of   A   such that 

(Yx6D)(3e • e2aB) 

(Yy»BM3£ - t2*™ 

Vxy. eA; 

LK(y) « Af, 

where   R^x) * U«Aj    xzCK)    and   LK(y) • iz«A;    zy« K>.    In the 

case where   A   has a zero element   0   and   K • (0)    we shall agree to 

drop the suffix   K.    We shall assume throughout the present paper that 

the reader is familiar with the terminology and notation used in [1]' 

Our goal here will be to isolate a type of Baer assembly which will    * 
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coördinatise a bounded lactice and do so m such a way that the lattice 

operations are readily recaptured as semigroup conditions.    This we 

then use to provide Baer assembly coördinatisations of complemented, 

modular and distributive lattices.    The latter two results do not as 

yet have analogues in the theory of Baer semigroups. 

As in [1], the results which follow depend heavily on the choice 

of the semigroup of mappings and the correct choice of idempotents. 

To establish these, we recall the following definitions and results 

from [1]. 

Let   E   be an ordered set with minimum element   0    and maximun 

element   ^    and let   Q   denote the semigroup of quasi-residuated (i e-, 

O-preserving and isotone) mappings on . E.    If    E    is a   */-semilattice 

we denote by   T    the subsemigroup of quasi-residuated  w-homomorptusms 

(or hemimorphisms) on   E.    Finally, we denote by   C    the subset of   Q 

consisting of those mappings with principal kernels.    It is shown in 

[1] that the mappings    6      defined by 

Y if   y ^_ x> 
(yx«E) 9  (y)  - ■ 

if   y i x. 

«re idempotent elements of    T, that the mappings    v     defined by 

(yx«E) tx(y) 
o      if  y i x> 

xvy    if   y i. x, 

«re idempotents in   TAG    and that <[1].55) 

(V£«TAC) R(£) - 9£+(0)  . T, 

.(^•T) Mg) - T. £g(!t>, 

where    f (0) - max(xCl;    f (x)  ■ OL    Moreover, if   E    xs « lattice 

trten    9      ii «n idempotent in the semigroup   Re8(E)    of residuated 
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mappings on E. 

In this paper we shall restrict our attention to the semigroup 

T and the mappinns 9  and 0  will be the idempotents of primary 

interest in the coordinatisation of lattices. 

We recall ([l],l3) that a Baer assembly is said to be normt  if 

Kg BAD and {[l],l4) that a righz  Baer assembly is a normal Baer 

assembly <A;B,D;K> in which 

(1) B is a subsemigroup of A; 

(2) BSD; 

(3) in the semigroup    p(A),    BSD.'D    [i.e., DBS D). 

The notion of a left Baer assembly is defined similarly.    A right 

Iresp.   left] Baer assembly    'AjBfD.-K-    is said to oo'irdinatise an 

ordered set   E    if   E «Ä(D)  * {RK{x)j  X«D;    (resp.    EOf^fiB)  » 

{L  (x);  x€B}    where   tx  denotes dual order isomorphism]. 

2.   Coordlnatisation of lattices by one-sided Baer assemblies. 

Let    <A;BfD;K->   be a right Baer assembly.    We shall use the 

notation 

IB] » {eftB;    e - e2    and    eAC^lD)'; 

■ (D) • {fCD;    f « f2    and   AfC.£{B)). 

We shall say that   <ArB,D;Kv    is a hzlanced right Baer assembly if 

and only if there exist subsets    B,    of    [B]    and   D*    of    [D]    such 

that 

(11 for each xfiD there is a unique xtf|BA such that RK(x) ■ x4A; 

12) for each xCB there 16 a unique x'C D* such that L (x) « Ax4; 

(3)    D*QB    (the "balancing factor"]; 
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(4) if    e,feBt    are such that   e*f^K   and   f*e^K   then 

LK(e*f) » LK{f*e)  = LK(e)ALK(f)! 

RK(e*f) « I^U'e) - RK(e*)nRK(f»). 

Remark.    As immediate consequences of this definition we have that 

LJC{e*f)fLK(f*e)6^(B) and R^e'f) ,RK(f*e)« <(D); this follows from 

the fact that e*f ,f*eeD*BjkC BB^^BCD, Moreover, we have xCB# <-^ 

x ■ (x*)^ and xSD* <-> x = (x^)*;  for exan^le, if x^B^ then by 

Theorem 8 of [1] we have xA - R^EL {x)l ■ R (Ax*) ■ R^Cx*) « (x*)#A 

whence x > (x*)t by the uniqueness in (1). Finally, we note at this 

juncture that condition (4), which expresses conditions on the inter- 

section of right and left annihi la tors of products of idempotents, can 

also be expressed as conditions on the elements of Bt and . D*. It 

can be shown (though we shall not do so here) that, if we define an 

element etÄBt to be r-decreaaing  whenever 

(Vf*6 D*) (e#f| RK(f •))   RK(f*et) £ R^f*) 

and an element f*CD* to be l-deoreasing whenever 

(Ve.«B.)(^I'K(e<k))   I^(f*et)S LK(eJ, 

then the conditions ^(f*«) - LK(e)nLK(f) and ^(f*«) " RK(«*)nRK(f*) 

are satisfied if and only if each mj* B4 is r-decreasing and each 

f*#D* is 1-decreasing. However, we shall use the former conditions 

in order to facilitate the presentation. 

Our basic model of a balanced right Baer assembly is given in the 

following result. 

THEOREM 1 If  B   i$ a boundtd lattiet than   <TiR*$(E)tTfSC;[0)> 

i» a balanoed right Baer aeeembly which ooOrdimtieee   B. 
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Proof.    That   <T;Res(E),TAC:{0}>    is a right Baer assembly which 

coördinatises    t    is established by observing that the results of S2 

of [1] carry over in toto to the semigroup   T   with   ty     replaced by 

if     so that Theorem 11 of [1] with   Q   replaced by   T,    C   replaced by 

TAG   and    ty      replaced by   *      carries through in exactly the same 

fashion.      To show that this right Baer assembly is balanced, write 

Res(E)  > S    and consider the subsets    SA    of    [S]    and    (TAG)*    of 

ITACJ    given by 

S, - {6  ; x6E} and (TAG)* » {$ ; x€E}. 

(That each    6      belongs to    [S]    follows from Theorem 9 of [1]).    Now 

for each    f6TAC   we have   R(f) ■ e
f

+/0)   • T   where   ef+/0)*s«' "^ 

if    6 esA    is also such that   R(f) = 0    o T   then the T-analogue of 

Theorem 3 of [1] shows that we must have    6  (n) > f (0).    But   6   (ir) » y 

and so   y - f  (0)    whence   6    ■ e
f

+#0)'    It follows that   9
f

+#0)    i» 

the unique element   f4   of (1) above.    Similarly, for each    f«S   we 

have   L(f) - T • $.. .    where  .♦,,..« (TAG)*;    and if   ? €(TAC)* 
tyn] tin; y 

is such that   L(f) ■ T • ty     then the T-analogue of Theorem 4 of [1] 

gives    y - 4*  (0) ■ f(iO.    Thus    ty,, .    i« the unique element    f*    of 
y ii") 

(2) above.    To establish (3), we note that, by §5 of [1], each   <|) CS 

and so    (TAC)*£ S.   As for (4), we have,  for each   xCE, 

L(V ■ * • \(») - T • *x' 

R(J ) - ex* .Ä, • T - e   • T , 'V      «»x(o) x 

and so (6 )* ■ ♦  and (^ )t ■ 6 . Now given 6 ,6 «Sft v have 

4 ($ (x)   if « < yj 

X  y ^x(y)   if «i^ 
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0 

xwz 

o 

xvy 

if « ^ y and * <_ x; 

if « £ y and i ^ x; 

if « i. y and y £ x; 

if « £ y and y i x. 

It follows from this that (6 )* o 8 fi 0   implies y J, x and so if 

(6 )* • 6 / O and (6 )* o 6 ^ 0 we have y i x and x ^ y, which x    y y    x 

we express in the usual way by writing x |y. In this case we have 

0    if JS <_ xnyi 

(x|y) (♦x . ey)(s) - xt/z    if s i. x and « <, yj 

ixwy    if s^y, 

with a similar formula for (9 )* o 6 . It follows that, in the semi- y x 

group   T, 

a«L(^    • 6 )    <■*   a(xvy) - 0   <-*    aCL($   • 0 ) 

<■♦   o(x)ua(y) ■ 0 

o(x) - 0 - o(y) 

o«L(ü)AL(e   ), 

so that   Lit   * 6 ) - Lit   • 6 ) « L(e )AL(e ).     Similarly, 
*   y      y   *      x     y 

o«R{^x . 9x) <-* Im o S [-»-.xAy] <^> a«R^ . ex) 

<-* Im ad lnxJ^K,yl 

o«R(*x)AR(*y)f 

•o that R(* • 6 ) - R(^ • 6 ) • R(^ )AR(!|' ). This then shows that x   y     y  x     x    y 

the right Baer assembly <T;Re8(E),TAC;{0}> is balanced and completes 

th* proof. 

Ihe fundamental coördinatisation of bounded lattices by one-sided 

Baer assemblies may now be stated as follows < 
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THEOREM 2     If   E   it an ordered set then the following conditions 

are equivalent : 

(1)   B   is a bounded lattice; 

(I)   there exists a balanced right Boer assembly   <A;BtD;K>   which 

eoördinatises   E. 

Proof.     (l)->(2):    This is immediate from Theorem 1. 

(2)-»(l):    Suppose that    <A;B,D;K>    is a balanced right Baer 

assembly which is such that   E tt^(D).    For each   xSD   we have,    by 

Theorem 8 of [1], 

and, by the uniqueness in (I) and (2) of the definition, 

Rj^x) - ^(y)    <^   xt - y#   <^>    (x#)* - (y#)*. 

It follows that    Ä{D) - {^(x)? x«D} « {^(x)» xfiD*}.   Moreover, 

• «B,    in^lies    e*«D*#so    {^(e*) i e«B#} C (^(x) j x«D*})    and 

x«D* <■* x » (xft)* ■ e*   for some   e«BA, so    {lt.(x)j x«D*} S 

{lL(a*)> e«B#}.    It follows that ^(D) - {^(x); x«D*} « {^(e*)!  e«BA}. 

To show that, when ordered by set inclusion,   A(D)    is an A-semilattice, 

it therefore suffices to show that, for    e,f«B#,    RK(e*)ARK(f*)    is 

in £(D)    whenever   FC(e*) B R^Cf*).    Note that this is the same as the 

condition   eAQfA   since   RK(«*) *  («*)#A - «A.    Suppose then that 

•,f«BA   are such that   eA)|fA.    Then necessarily   e*f^K   and   f*e^K; 

for if, for example,    e*f«K   then   f«R^(e*) - eA   and so   fASeA, 

• contradiction.    Applying part (4) of the definition, we then have 

(•A|fA) eAAfA - R^e^ARj^f*) • \b*V 

and since   RK(e*f) > RKt(e*f)#l*6 ^(D)    we see that   eAAfAO ^(D). 

This shows that Ä(D)    forms an A-semilattice.   To show that 4(D) 
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also forms a / semi lattice, suppose that e^fGB^ with eA^fA. Then 

•gain e*f^K and f*e^K so, by (4), ^(e'f) ~ \(*)r\\{l)    from 

which we have ^(e^f) £ LK(e) and I'K(e*f) S LK<
f)- It follows by 

Theorem 8 of [1] that [(e*f)*l.A - ft^L^e*«] 3 ^^(e)] - ^(e*) 

and similarly RJL (e*f)l 3 RK(f*). If now h«Bt is such that both 

hAS eA - R^e*) and hA Ä fA - ^(f*) then 1^0») C LK(RK(e*)l - Ae* 

and similarly L (h) C Af*. It follows that L^OOC Ae*nAf* - L (e*f) 

whence hA - R [L (h)] 2 R [L (e*f)l. This shows that 

(•A||fA)    eA V fA - RK[LK{e*f)l - ({e*f)*]#A - ^(e-f)*! 

so that £(D) is a union semilattice in which unions are given by V 

(which is in general different from set-theoretic union). We have thus 

shown that ^ (D) forms a bounded lattice, whence so also is E. 

Jtamorto.  (1) Although we shall not develop the details here, we 

point out that a parallel coördinatisation of bounded lattices can be 

obtained by using balanced left Baer assemblies <A;B,D;K>. In such an 

assembly we have D S B and DB C B and the "balancing" is obtained 

by changing part (3) of the previous definition to (3*) BAS D. In 

this case the left Baer assembly used as a model is the left Baer 

assembly <TjT,Re8(E) j{0}> of 15 in [1]. 

(2) Although the definition of a balanced right Baer assembly is 

somewhat complicated, nevertheless the lattice operations are more 

readily represented in the coördinatising right Baer assembly than for 

instance was the case with the semilattice operation in Theorem 11 of 

[1]. Note that in the lattice case the mappings <|)  belong to Res(E) 

whereas in the semilattice case in [1] the mappings ^  do not. 
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3. Coördlnatisation of complemented lattices. 

If <A;B,D;K> is a normal Baer assembly then, by Theorem 7 of [1], 

Abas an identity element 1 with 16 BAD« Also, K is generated 

by a central idempotent k* with k0CBAD and k0 is the identity 

element of K. If now <A;B>D;K> is a balanced right Baer assembly 

then from 1C BAD we have K ■ RJ1) « 1#A and K - LK(1) ■ Al*. It 

follows that 14 is a left identity for K and 1* is a right identity 

for K, whence necessarily lt « 1* « k* and consequently k'BB^AD*. 

Similarly, from k0«BAD we deduce that A « R^Ck0) - (k*)^ and 

A « ^(k0) « A(k0)*. These equalities show that (k0)^ is a left 

identity for A and (ke)* is  a right identity for A, whence we have 

(k,)t - (kc)* = 1 and consequently ICB^AD*.  Note also that 

KAB# - (k») ■ KAD*;  for example, if k« KAB^ then A - L (k) ■ Ak* 

so 1 » Ik» - k* and it follows that k - (k*)t - 1* - k». 

We can now isolate a balanced right Baer assembly which will 

coördinatise a complemented lattice. 
i 

THEOREM 3   If   E   ia an ordered set then the following oonditione 

are equivalent : 

(1) E   is a complemented lattice; 

(2) E  can be coordinatised by a balanced right Baer aeaembly 

<AjBtD;K>   which aatisfiee the property 

{(Ve9B\{k0,l})(3f*BSW',l)) 
(C)     \ 

[RK(e*f) - RK(f*e) - LK(e*f) - tyf**) - K. 

Proof,    (1)"» (2) s Let £ be a complemented lattice and consider 

the balanced right Baer assembly <TjRes(E),TAC;{o)>. Here we have 

.i——^i„ 
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k* ■> 0 and 1 ■ icL. If 0,« denote respectively the minimum and 

■axiuun elements of E then, äS is readily seen, e
x " 

0 <^> x ■ 0< 

<-» x ex"idE 

It follows that, with S > Res(E), 

0 <"■> x ■ ir end    il» « id„ <"■'> x ■ 0. 
x    E 

S#V0,idE} « {ex5 xf*{0,iT}}j 

l[TAC)*\{0,id_} = (J ; xfMo,7t}}. 

Suppose then that x^{0,ir} and let x' denote any complement of x. 

He have 

if y f. x'; 

if yix', 

if y - 0j 

if y .5. x' and y ,£ x; 

otherwise, 

from which it readily follows that R(* »9 ,) - {0} - Lift  »O ,}. Inter- 

changing x,x' gives similarly R(i|< ,»6 ) ■ (o) - L(i|( ,«6 ) and the 

result follows. 

(2)-Ml): Suppose now that (2) holds and, given e<iBAVk*,l}, let 

f»Bt\{)cMl be such that RK(e*f) - RK(f*e) - ^(e*«) ■ LK<f*e) " K- 

Ihtn clearly e*f^K and f*e^K (for otherwise we would be reduced 

to the trivial case K ■ A) and hence «A | fA. Applying the formulae 

of theorem 2, we obtain 

(*x ' ex')(y) - • 
iOx(x') 

0 

B         • xwy 

i 

(•A|fA) 
•AHfA - RK(e*f) • K» 

«A VfA - ^[^(e^f)] - RK(K) - A, 

which shows that fA is a complement of «A in £(D). Observing that 

when t ■ k* we have «A ■ k*A ■ K, which admits A as a complement 

in ^ 0), and that when e ■ 1 we have eA ■ A, which admits K as a 
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coB^lement in ^(D), it follows that ^(D)    is a complemented lattice, 

whence so also is   E. 

Remark. For a coördinatisation of uniquely complemented lattices, 

it clearly suffices to postulate the uniqueness of f In part (2) of 

the above. 

4.   Coördinatisation of modular lattices. 

In order to obtain a coördinatisation of bounded modular lattices, 

we require the assistance of other idempotents. By way of introducing 

these, we prove the following characterisation of modular lattices. 

THEOREM 4 Let   E   be a lattice and let   U   denote the semigroup of 

V-homomorphisns on   E.    Then the following conditions are equivalent: 

(1) E  is modular; 

(2) for all   atbmE   with   aflfc   the mapping   6   h : S * E   given by 

atstbvx) if   x ^a   and   x^awb; 

\t,M 
6 (x) otheroise. 

i$ an element of   U, 

Proof,    (l)-^(2):    Suppose that   E   is modular.    Since clearly   9 «U 

for *«ch   «eE   it tvtdcaa to show that   9   . Uvy) - 6   . (x)ve, . (y) 
a,D       a,o    a,D 

whenever x.£ a, x ^ as/b and y is any element of E. For this, we 

consider the following three cases: 

(i)   x ^ o, x <_ as/1» and  y ^a : 

In this case we have   6   . (x) « a,D 

• A(b\/x)   and   6      (y) ■ 0  (y) » y.   Thus, since   E    is nodular, 

6   .(x)ue    .(y) -  (a A(bwx)l^y - aA(bMxv/y). a,o a,D 

But fron   x £ a   we have   xvy £ a;   and since   y ^ a   and   x <_ avb 
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we have   xvy <_ buxvy <_ bvawbv/a ■ awb.    Thus 

6   . (xwy) - a/\(bvxv/y) ■ 6   . (x)wi a«D a,D 

(ii)   xj^a,    x <_cnjh   and   1/i. a,   y ^as/b : 

In this case we have 

6   . (x) « aA(bv/x)    and    6    . (y) « art(bvy).    The modularity of   E 
tifO a,D 

then gives 

8^ b(x)wea b(y)  -  [aA(bvx))^[aA(bWy)l 

■ {[a A(bvx)}vbt/y}Aa (since    aA(bwx) £ a] 

■ {[(bvx)/\(aN/b)]uy}Aa [since   b £ bwx] 

« (bvxvy)Aa [since   bv/x <^ awb). 

But from   x £ a   we have   xvy ^ a;    and since both   x,y £ avb   we 

have   xs/y ^ av/b.    Hence 

e- K(xvy) - aA(bwxvy) - 6      {x)ve    . (y). a,D a»D a^D 

(Hi)   x ^ a,    x^av/fc   ani   j/i a,   y ^avb : 

In this case we have 

6    . (x) - aA(bvx)    and    6    . (y) - 6   (y) ■ a    so that    * 
•tD SfO a 

e« w<x)ve. K^y) " I«A(bs/x)lwa - a. SfD a«o 

But since also   xvy i. a   and   xvy £ avb   we see that 

6. . (xvy) - em(xvy) - a « 6      (x)vem . (y). . «fD a a#o a«o 

Parts (i), (ii) ,(iii) now show that, whenever a | b, we have 

6 JgV   as required. 
ato 

(2)a^(l): By way of obtaining a contradiction, suppose that (2) 

holds and that E is not modular. As is well known, E then contains 

a sublattice of the form 



, I ) 

- 13 - 

b-    I vc 
aAb=cAb 

Now in this sublattice we observe that 

6 . (bv/c) ■ a A(bv/bvc) = aA(awb) » a ; 
a,D 

0    . (b)N/e    .(c) «  i3A(b\/b)]vc • c, - a,D a,D 

so that   6    . ^U, a contradiction.    This then establishes  (2)—>(1). a,b~ 

Remark.    Observe that if we remove the restriction that   a||b    in 

the definition of    6    .     then we obtain    9    .  « 6  .    For if    b < a a,b a,b       a — 

then   x < aUb   implies   x <_*, so    {x€Ej 6      (x) - aA(bvx)} » 1?; 

and if    b > a    then    x £ a,  x < avb ■ b    imply    6    . (x) » a/\(bv/x)  ■ 
** a f o 

• Ab ■ a = 8 (x). Thus we need distinguish 6 . only in the case 
a a,o 

«here a||b. 

The principal properties of the mappings   6    .    when   a || b   in a 

bounded modular lattice are listed in the following result. 

THEOREM 5   Let   E   be a hounded modular lattice and let   T   be the 

»emigroup of quasi-reeiduated sj-homomorphisme on   E.    If  atb*E   are 

tueh that   a ( b   then 

(1)   6   .    i« an idempotent of   T; 

a        a atD 

(5) L(6„ .) - L(9) - T o $- ütü a a 
(4) L<\b'h* ' h*(K ' *b)] ' u***** 
(6) Lti   **„ J - L(t,   o 9) - L(6.). a      atD o      a ovo 

Proof.   (1)    Theorem 4 shows that    9 is a  w-homomorphism and it 

consequently isotone.    TO show that   6     «T   it then suffices to note a»D 
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that 0 . (0) > 6 (0) = 0. To show that 6 . is idempotent, it a(o     a a,o 

suffices, by virtue of the fact that 6  is idempotent, to show that 

whenever x i_ a and x < aVb we have 6 . (x) ■ 6 .19 . (x)]. ■*■ -■ a#o a,o   a,D 

How for such an element   x   we have 

6    . [6    . (x)] = 6    . [a*(bv/x)]  « 9  (aA(bwx)] - aA{bwx) » 9. . (x). 
a,D   a/D a,D a a,D 

(2) In the proof of Theorem 1 we observed that R(^ ) = 9 • T. 

To establish the equality 9   o T = 6 o T it is sufficient, by (1), 

to show that 9 . ■ 9 o 9 .  and 9 =9 . o 9 . Now 9 (x) < a a,b  a   a,b     a   a,b  a      a  — 

for all x«E and when y f. a we have 9 . (y) « 9 (y). It follows 
"** Af O       A 

that 6 .[9 (x)] « 9 [9 (x)l = 9 (x) for each x«E and so 
a,o a     a a      a 

i    . • 9 « 9 . Also, .9 . (x) < a for a,b   a   a     ' ' a,b  — each xCE and so we have 

6 [9 . (x)] - 9 v(x), which shows that 9 o 9 . - 9 . . 
a a,D     a,b a  a,o  a,D 

(3) This is immediate from (2) on taking left annihilators. 

(4) As observed in the proof of Theorem 1, we have 

otCRUi o 9. ) <-» Im o S (^,aAb] <-^ ««R^.^w)' a   o oAD 

It follows from this that   R($    o 9. ) ■ Rdj;   .) - 9    .   • T.    Taking a  o aAD   aAD 

left annihilators we obtain L[R($ o 9. )] > L(9 . ). Now a  D     aAD 

6 . (x) < 9 .(b) - aAb   if x < bj 
(8 . . 9h)(x) -< 

ft'b  " a'b 

*f    J     ' 6 .(b) - aAb if xib, 

and so we deduce that 

a«L(9m . . 6.) <-» a (aAb) - 0 <^ a«L(9 ^.), a,o  o aAD 

which completes the proof of (4). 

(5) As observed in the proof of Theorem 1, we have 

0«LWi.   • 9 )    <-*    o(avfb)  « 0   <"^    aCL(9      J 
D      a as/b 

and so   L(*.   • 9 ) - L(8     .).    Now 
D      a awn 
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^b ' ^^b» (X) 

4». ta A(bux)] < 'k (a) = awb if    x Ja, x < a< 
Jb ■—   o ^" — 

v,J9  (x)] = 'P. (x) • xv b < awb otherwise, o   a                D                     ■— 

with    ^ • 6    . J (a) - awb.    It follows that D       a,o 

aELdfi    o 6    w)    <-i>    a(a\/b) » 0    <^    a6L(9      . ), a       a,D avb 

which completes the proof of  (5). 

We are now in a position to provide a coördinatisation of bounded 

nodular lattices. 

THEOREM 6   If  E   is cm ordered set then the following conditions 

are equivalent: 

(1) E   is a hounded modular lattice; 

(2) E   can be co'ördinatised by a balanaed right Baer assembly 

<AiBtD;K>   which satisfies the property 

if   eJmBt   are such that   e*f^K   and   f*eftK 

(M)     - then there exists   e » i%X   with   eA * eA • and 

!tK(e*f) *$KlLK(ef)]. 

"Proof,   (l)-»(2}:    Let   E   be a bounded modular lattice.    To establish 

(2), it suffices to show that   <T:Res(E) ,T/>C;{0}>    satisfies  (H).    Now 

given   6  ,6. C [Res{E)]#    such that   sp    • 6.  / 0   and   ip.   « 6    f 0   we a   c w a       o o       a 

have as before   aflb   and   9      «T   with   6 idempotent.    Moreover, 

by Theorem 5,    6       • T « 6    • T.    Taking right annihilators in 

Theorem 5(4), we obtain finally   R[L(e    .   • 6. )) ■ R(v    • 6. ).      This 
a,o  o     a  o 

then shows that the condition (M) is satisfied. 

(2)a»(l)i Suppose now that (2) holds. To show that E is a modular 

lattice it suffices to show that, if 4(0) has a sublattice of the form 
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eA«, 

in which increasing single lines denote C,  the increasing double line 

denotes C, Q = eA V fA = eA V gA and P » ehf\fh » eAAgA, then 

necessarily £A « gA.  Now since the mapping L : 4S(D) •♦' «^(B) which 

■+      A 
is defined by L (eA) » L (eA) * L (e) » Ae* is a dual isomorphism 

K        J\        Js 

(see [1], Theorem 6), it is equivalent to show that if ^?(B) has a 

sublattice of the form 

LK(e) - Ae*
0, 

SLK(g) - Ag* 

L^f) - Af* 

then necessarily Af* - Ag*. Usinf the formulae of Theorem 2, we see 

that Q - eA V gA « $V[L (e*g)] and, by the hypothesis (2), that P - 

fAAeA - RKtf*e) - 1.1L (£•)]. It follows that L*(P) - L (?•) and 

Lj-CQ) - L (e*g). The problem therefore reduces to showing that 

Llt(f)2 ^(g) - I'lc(g)/>L^(P)# 

Which is equivalent to 

Af*2 Ag* - Ag*ALK(fe). 
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Now if x6Ag*nLy(fe) then on the one hand x = xg* and on the other 

xfeCK. The second of these gives xfSL (e) = Ae* and so xf « xfe*. 

But gAS fA = fA and so g ■ fg whence xg » xfg ■ xfe*g.' Since 

x «= xg* we then have xg ■ xg*g6K and hence xfe*g€K. It follows 

that xf€I-v>(e*g) = C(Q) C L (f) and so xlfEK. But since fA - fA 

we have ff «= f. He thus deduce that xf«K and so x«L (f) - Af* 

as required.  This then establishes that 4ß(D), and hence B, is a 

bounded modular lattice. 

Remark.    Note that in the condition (M) the element e is simply 

an element of A and not necessarily in B or D. However, since 

Lv is a dual isomorphism and R [L (ef)]€ 4(0), we see that L (ef) = 

5. Coördinatisation of distributive lattices. 

In the case of a distributive lattice, the idempotents which we 

require are of a much more obvious nature. These are given in the 

following result, the proof of which is clear. 

THEOREM 7 Let   E   he a lattice and for each   xmE   let   t   : E •*■ E x 
be given by    t (y) * x/\y.   Then each   t     is idempotent and, when   E 

is bounded, the following conditions are equivalent : 

(1) E   is distributive; 

(2) (VxaE)     tMT, w x 

Ih« next result shows how the idempotents   t     an joy, in a bounded 

distributive lattice, properties similar to those listed above for the 

■appings    9   .     in a bounded modular lattice. a,b 
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THEOREM 8   Let   E   be a bounded distributive lattice and let   T   be 

the eemigroup of quasi-residuated sj-homomorphisms on   E.    Then given 

atb&B   we have 

(1) L(ta) « L(Ba);     ta o T = 6a o T; 

(2) L(ta o eb) » LreaAi; = L(ta o tj; 

(Z) Ltia o tb) = mas/b). 

Proof.   (1)    Since for each   a6T   we have    (a o t ) (x) ■ a(aAx)  <^ 
A "Ä 

a(a) » (a e t ) (a), we see that a e t = O if and only if a (a) * 0, 
A A 

so that L (t ) «Me ). That t o T = 6 , T follows from the facts 
a     a        a      a 

that both t  and 6  are idempotent, 
A A 

a Ax *= x     if x £_ a; 
t le^Cx)] - aAea(x) 
A  A A a^a »a  if x ^ a, 

» ea (x), 
A 

and 6 [t (x)] - 6 (aAx) - a AX - t (x). 
A  A        A A 

(2) Since 

IaAX < aAb   if x < b; 

aAb if x i b, 

we see that, in the semigroup T, 

o«L(t • 9.) <-^ a (aAb) - O <-^ o«L(9 äV). 
a  b aAo 

Clearly, these are also equivalent to a£l.(t • t.) • 

(3) Since 

' 0 if aAx ^b» 

(bAx)wa<bWa if   aAx^b, 
(Ja . ^Xx) - *a(bAx) - 

with    (ij»    • t ) (*) ■ avb, we see that 
A A 

a«L(^    • t)   '<•»   o(awb) - 0   <-»   a«L(e ^.). a.      o avo 
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(D) 

We can now provide a coördinatisation of bounded distributive 

lattices. 

THEOREM 9     If   E   ia an ordered set then the following conditions 

are equivalent : 

(1) E   is a bounded distributive lattice; 

(2) E   can be ooördinatised by a balanced right Baer assembly 

<A;B,D;K>   which satisfies the property 

there exists an dbelian idempotent subsemigroup   Bt 

of   A   such that 
_     A 

(i) for each   e«fl4   there is a unique   eCFB* 

such thap   eA « eA; 

(ii) if   etfSBA   are such that   e*f^K   and   f*e&K 

, then   RK(e*f) "R^L^ef)] - RKlLK(ef)]. 

Proof.   (1)-^ (2):    Suppose that (1) holds.    Then it suffices to show 

that    <T;Res(E) ,TAC;{0}>    satisfies the condition  (D).    To this end 

we observe first that    {t ; agE}    clearly forms an abelian idempotent 

subsemigroup of    T.    Writing   S ■ Res(E), define    St ■ {t ; a€E}.    We 

see that    S#    satisfies  (i) since, by Theorem 8(1),    8    e T - t    • T 

and if   t   • T ■ t   • T   then clearly   t   - t.    As for (ii), we note 

that if   6  ,&<* S#    are such that   ♦    • 6.   y 0    and   «I»,   o 6    f 0   then ab* ab Da 

a Ub   and we see from Theorem 8(2) that   R(ty    • 6. ) « R(L(t    • 0. )] - m a       o a       D 

fttL(ta • t^l. 

(2)"*(1): Suppose that (2) holds. From the condition (D) we see 

that <A;B,D;K> satisfies the condition (M) of Theorem 6 and so 4(D) 

is a bounded modular lattice. To show that it is distributive, it 

therefore suffices to show that it contains no sublattice of the form 
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«^'v ifA     ^09A 

*e**v.       fAf* ^'Ag* 

As in the proof of Hieorem 6, we can apply the dual isomorphism   L 

and show equivalently that «^(B)    contains no sublattice of the form 

lC(P) 

Xi/- 
To fix ideas, we shall assume that   Q,P,eA and    fA   are related as is 

A 
•hown above, so that Q - eA V fA « R^lL (e*f)] and, by (D), P ■ 

«AAfA - ^(e^f) - RK(LK{if)) where i,f«BA. Then L*(Q) - LK(e*f) 

and L (P) » L (ef). We shall now show that the conditions 

I'K<e*f)S Ag*CLK(if), Ag*nAf* - L^(Q) and Ag*||Af* 

together imply that Ag* £ Ae* from which it will follow that the 

above sublattice degenerates and ^(D) is distributive. This we do 

at follows. 

We note first that for gfiB  we have R (g*) « gA ■ gA and so 

g*g6K. Since eg ■ ge we then have g*eg « g*geCK and hence 

g*e«LK(5) - LK(5A) - fiK(gA) - Ag*, 

from which it follows that g*e - g*eg*. Since Ag*sC(p) " M«*) 

we have g*efflK. Using the previous equality, we deduce that 

9*eg*fCK so that g*CL (eg*f) and consequently Ag* g L (eg*f). 
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Mow using the readily established fact that 

LK{x)C ^(y) 

we see from the fact that L (f) - L (f) that 

hv{fig*f)  = L {ig*f). 

Similarly, from L (e) 2 ^(Q) " I'v,(g*f) we obtain 
n n » 

Ae* - LK(e) = LK(i) = LK(ii)2 LK{ig*f). 

Combining the above observations, we deduce that Ae*J|A9* as required. 

Remapks. (1) In the above proof it was not necessary to show that 

.L (eg*f)8^p(B). That this is so follows from the fact that a similar 

proof with e,g interchanged yields Ae* - Ag* ■ L (eg*f) ■ L {ge*f). 

(2) In [1] we showed that a bounded ordered set E forms an inpli- 

cative (Glivenko-Brouwer) semilattice if and only if E can be coordina- 

tised by a right Baer assembly <A;B,D;K> in which there is an abelian 

idempotent subsemigroup B of B such that ^(D) ■ {eA; e6B}. Since 

a lattice E is implicative if and only if t 6Res(E) for each aCE, 
A 

it is easy to see from the preceding result that a distributive lattice 

is implicative if and only if it can be coSrdinatised by a balanced right 

Baer assembly which (using the notation introduced above) satisfies the 

additional condition that Bt ■ B^ or, equivalently, BtS B. This 

illustrates once again that the essential difference between the lattice 

and the semilattice coordinatisations is the "balancing factor" of 12. 
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